MULTI-BUBBLE NODAL SOLUTIONS FOR SLIGHTLY SUBCRITICAL 
ELLIPTIC PROBLEMS IN DOMAINS WITH SYMMETRIES 



THOMAS BARTSCH & TERESA D'APRILE & ANGELA PISTOIA 

Abstract. We study the existence of sign-changing solutions with multiple bubbles to the 
r—{ , slightly subcritical problem 

—Au = \u\ 2 ~ 2 ~ E u in SI, it = on <9S7, 

where Q is a smooth bounded domain in R , N > 3, 2* = an d e > is a small parameter. 
In particular we prove that if Q is convex and satisfies a certain symmetry, then a nodal four- 
bubble solution exists with two positive and two negative bubbles. 
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1. Introduction 

We are concerned with the slightly subcritical elliptic problem 

[ — Au = \u\ 2 ~ 2 ~ e u in Q, , 
\ u = on 8ft, 



where Q is a smooth and bounded domain in M. , N > 3, e > is a small parameter. Here 2* 
denotes the critical exponent in the Sobolev embeddings, i.e. 2* = • 

In [21] Pohozaev proved that the problem (jl.ip does not admit a nontrivial solution if $7 
is star-shaped and e < 0. On the other hand problem (jl.ip has a positive solution if e < 
and is an annulus, see Kazdan and Warner [18] . In [2] Bahri and Coron found a positive 
solution to (|1.1|) with e = provided that the domain Q has a nontrivial topology. Moreover in 
P21 [131 CEH [20] the authors considered the slightly supercritical case where e < is close to 
and proved solvability of (jl.ip in Coron's situation of a domain with one or more small holes. 

In the subcritical case e > the problem (jl.lh is always solvable, since a positive solution u e 
can be found by solving the variational problem 



infjy \X7u\ 2 u G flj(fi), ||«|| 2 *- e = lj 



In [91 HH H3 [23l El] it was proved that, as e — > + , u e blows up and concentrates at a point 
£ which is a critical point of the Robin's function of Q. In addition to the one-peak solution 
u e , several papers have studied concentration phenomena for positive solutions of (II. ID with 
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multiple blow-up points ([31 [22]). In a convex domain such a phenomenon cannot occur. Grossi 
and Takahashi [15] proved the nonexistence of positive solutions for the problem (jl.ip blowing up 
at more than one point. On the other hand, multi-peak nodal solutions always exist for problem 
(jl.ip in a general bounded and smooth domain 0. Indeed, in [6] a solution with exactly one 
positive and one negative blow-up point is constructed for the problem (jl.ip if e > is sufficiently 
small. The location of the two concentration points is also characterized and depends on the 
geometry of the domain. Moreover the presence of sign-changing solutions with a multiple 
blow-up at a single point has been proved in [I9l[25] for problem (jl.ip ; such solutions have the 
shape of towers of alternating-sign bubbles, i.e. they are superpositions of positive bubbles and 
negative bubbles blowing-up at the same point with a different velocity. We also quote the paper 
[8] , where the authors study the blow up of the low energy sign-changing solutions of problem 
(jl.ip and they classify these solutions according to the concentration speeds of the positive and 
negative part. Finally, we mention the papers [1] and [7] where, by a different approach, the 
authors provide existence and multiplicity of sign-changing solutions for more general problems 
than (jl.ip . These papers are however not concerned with the profile of the solutions. 

In this paper we deal with the construction of sign-changing solutions which develop a spike- 
shape as e — > + , blowing up positively at some points and negatively at other points, general- 
izing the double blowing up obtained in [6]. We are able to prove that on certain domains 0, 
(jl.ip admits solutions with exactly two positive and two negative blow-up points. Moreover, 
the asymptotic profile of the blow-up of these solutions resembles a bubble, namely a solution of 
the equation at the critical exponent in the entire M. N . It is natural to ask about the existence 
of solutions with k blow-up points, also for k ^ 2,4, and in more general domains. We shall 
discuss this difficult problem below. 

In order to formulate the conditions on the domain 0, we need to introduce some notation. 
Let us denote by G{x, y) the Green's function of —A over f2 under Dirichlet boundary conditions; 
so G satisfies 

J - A y G(x,y) = 5 x {y) yen, 
\G(x,y) = yedfl, 
where S x is the Dirac mass at x. We denote by H (x, y) its regular part, namely 

H ( x > V) = TVt ^ — 1 Hv^2 ~ 2/)' 

[N — 2)(jn\x — y\" 1 

where on is the surface measure of the unit sphere in H N . The diagonal H(x,x) is called the 
Robin's function of the domain 0. 
Here are our assumptions on 0. 
(Al) Q C R , N > 3, is a bounded domain with a C 2 -boundary. 

(A2) is invariant under the reflection (xi,x') i— > (x\, —x') where x\ 6 R, x' G M^ -1 . 

For simplicity of notation we write the restrictions of G and H to the xi-axis as g and h 
respectively, i.e. 

g(t, s) = G((t, 0, . . . , 0), (s, 0, . . . , 0)) and h(t, s) = H((t, 0, . . . , 0), (s, 0, . . . , 0)). 
Our last assumption concerning the domain is: 
(A3) There exists a connected component (a, b) of the set {t \ (£, 0, . . . , 0) £ Vt} Cl such that 

the function (a, b) B t t- > h(t,t) is convex (1-2) 
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and 

da 

for any t,sE (a, b), t ^ s : (t - s)-^(t, s) < 0. (1.3) 

We can now state our main result. 

Theorem 1.1. If satisfies (Al), (A2), (A3), then for e > sufficiently small problem (|1.1[) 
has a solution u e with the following property. There exist numbers Af > and points £| = 
(if, 0, . . . , 0) £Q with if G (a, b), i = 1,2, 3, 4, such that 

A 1 N-2 

. \ / A?e^2 \ -3- _ 

u £ (x) = aw / ,( — 1) I — 2 " ) + uniformly in O; 

i=i Veiv^Af + |z -C|| 2 / 

/iere a^v = {N(N — 2))( N ~ 2 ^ 4: . Moreover, the numbers A| are bounded above and below away 
from zero, and the numbers if are aligned on (a, b) and remain uniformly away from the boundary 
and from one another, i.e. 

5<\ £ i <\ Vi = 1,2,3,4, 


and 

a + 5 < t\ < t\ < if < t% < b- 5, t E i+1 -tf>5 Vi = 1,2,3, 

for some 6 > 0. 

Let us observe that the assumption (A3) is satisfied for a (not necessarily strictly) convex 
domain Q as a consequence of some properties of the Green's and the Robin's functions. Indeed, 
(jl.2p follows from the result in |11] according to which the Robin's function of a convex domain 
is strictly convex. Moreover in a convex domain the function G(-,y) is strictly decreasing (with 
non-zero derivative) along the half-lines starting from y (see Lemma [A. 2p . hence f|l .3|) holds true. 
Assumption (A3) is also satisfied for some non-convex domains, for instance those which are 
C 2 -close to convex domains. It seems to be an open problem whether (A3) holds, for instance, 
on annuli. 

The proof of Theorem 11.11 relies on a Lyapunov-Schmidt reduction scheme. This reduces 
the problem of finding multi-bubble solutions for (jl.ip to the problem of finding critical points 
of a functional which depends on points £j and scaling parameters Aj. The leading part of the 
reduced functional is explicitly given in terms of the Green's and Robin's functions. The reduced 
functional has a quite involved behaviour, due to the different interactions among the bubbles 
(which depends on their respective sign). The symmetry of the domain plays a crucial role: 
indeed, the validity of the hypothesis (A2) allows us to place the positive and negative bubbles 
alternating along the one-dimensional interval (a, b). Then we use a variational approach and we 
obtain the existence of a saddle point by applying a max-min argument. An important step is 
the proof of a compactness condition which ensures that the max-min level actually is a critical 
value, and this is the most technical and difficult part of the proof. 

As remarked above, it is natural to ask about other types of multibump solutions, and to 
consider more general domains. First of all, the Lyapunov-Schmidt reduction scheme works in 
a very general setting. In particular, (A2) and (A3) are not required for this. The problem 
lies in finding critical points of the reduced functional. This problem seem to be very subtle. 
In the paper [5] we consider the case of a ball and we show the existence of two three-bubble 
solutions having different nodal properties. However, these solutions are not found via a global 
variational argument and the proof strongly depends on the explicit formula of the Green's and 
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the Robin's function in a ball. It also seems very hard to weaken the assumptions on the domain. 
In our argument we use the symmetry condition (A2) in order to localize and order the peaks 
on the rri-axis. Together with (A3) this allows comparison arguments involving the Green's and 
Robin's functions which do not hold in general. 

The paper is organized as follows. In Section 2 we sketch the finite-dimensional reduction 
method. Section 3 is devoted to solving the reduced problem by the max-min procedure. Finally 
in the Appendix A we collect some properties of the Green's function which are usually referred 
to throughout the paper. 

2. The reduced functional 

The proof of Theorem 11.11 is based on the finite dimensional reduction procedure which has 
been used for a wide class of singularly perturbed problems. We sketch the procedure here and 
refer to [6] for details. Related methods have been developed in |12]-|13j-jl4j where the almost 
critical problem (II. ip was studied from the supercritical side. In this section the assumptions 
(A2) and (A3) are not required. 

For any e > let us introduce the functions 

1 N-2 

U e , x ,t(x)=a N ( ) 2 , a N = (N(N-2))( N -V/\ 

\\ 2 £ N - 2 + \x - i\ 2 / 

with A > and £ E M. N . These are actually all positive solutions of the limiting equation 

-AU = U 2 '- 1 in R N , 

and constitute the extremals for the Sobolev's critical embedding (see [T], |10j . |26j). Fixing 
k > 1, we define the configuration space 



Ok := < (A,£) = (Ai, . . . , Afc,£i, . . . 



5 < Xi < <T\ & e n, dist(&,0n) > 5 Vi' 



where 5 > is a sufficiently small number. For fixed integers a\,...,ak & { — 1,1}, we seek 
suitable scalars Aj and points & such that a solution u exists for (jl.ip with u ~ Yli=i a iU £ ,\,,,ii- 
In order to obtain a better first approximation, which satisfies the boundary condition, we 
consider the projections VqII £i x^ onto the space Hq(Q) of £4,a,§> where the projection Vq : 
ijl(R^) fl-i(n) i s defined as the unique solution of the problem 

f AVnu = Au in $7, 
\ V n u = on dQ. 

Then the following estimate holds 

VnU £ ^ = U £ ^ i+ 0(V~e) (2.1) 

uniformly with respect to (A, £) G Ofe. We look for a solution to (jl.ip in a small neighbourhood 
of the first approximation, i.e. a solution of the form 

k 

u := aiPnU Ei Xi£i + <t>, 

i=l 
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where the rest term <j) is small. To carry out the construction of a solution of this type, we first 
introduce an intermediate problem as follows. 
We consider the spaces 



i,...,k, j = i,...,N\ cHfcn), 



and 



here we denote by £| the j-th component of £j. Then it is convenient to solve as a first step the 
problem for ^ as a function of e, A, This turns out to be solvable for any choice of points £j 
and scalars Aj, provided that e is sufficiently small. The following result was established in [6]. 

Lemma 2.1. There exists £q > and a constant C > suc/i f/iai /or eac/i e G (0,£o) an( ^ eac/i 
(A, £) G Ofe i/iere exists a unique <Pe,\,£, £ ^-^"a £ satisfying 

A(K,a, $ + 0) + |K,A,£ + ^| 2 *~ 2_£ (K,A, $ + 0) G /C £ ,A 4 (2.2) 

and 

|V</>| 2 ) < Ce. (2.3) 



Fere V^a,£ = Ei=i a ^C4,A i ,$ i - Moreover the map O k ->■ #o(^)> (A,£) h-> £) a,£ is C 1 . 

After this result, let us consider the following energy functional associated with problem (jl.ip : 

4(0 = J / |Vu| 2 dz - -J— / Inl 2 *^^, u G fl^O). (2.4) 

Solutions of (jl.ip correspond to critical points of I £ . Now we introduce the new functional 

J £ :O k ^R, J £ (\,£)=I e (V £) ^ + <f> £)X £) (2.5) 

where </> £ ,a,£ h as been constructed in Lemma l2.1i The next lemma has been proved in [3] and 
reduces the original problem (jl.ip to the one of finding critical points of the functional J e . 

Lemma 2.2. The pair (A,£) G O k is a critical point of J e if and only if the corresponding 
function u e = V £ \^ + </> e ,a,£ *s a solution of 

Finally we describe an expansion for J £ which can be obtained as in |13j-|14|. 

Proposition 2.3. With the change of variables \ = (catAj) n ~ 2 the following asymptotic ex- 
pansion holds: 

k 

J e (A,£) = kC N + -uj N eloge + kj N e + u N e-$ k (A,£) + o(e) (2.6) 

C 1 -uniformly with respect to (A, £) G O k . Here: 

k 



k 

* fc (A, = \ A 2 #(&, &) - Y, OiOjAiAiGfo,^) - log(Ai • . . . • A* 



i=l i<j 
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and, setting U = Ui^q, the constants CV, c^, con, and are given by 



and 



1 /" o* 1 f o* 1 

= 7^2 / 17 - ™ / U l °S U + log c/v- 



Thus in order to construct a solution of problem (jl.ip such as the one predicted in Theorem 
II. H it remains to find a critical point of J £ . This will be accomplished in the next two sections. 
We finish this section with a symmetry property of the reduction process. 

Lemma 2.4. Suppose is invariant under the action of an orthogonal transformation T G 
O(N). Let := {(A,£) G 0^ : T£j = £j Vi} denote the fixed point set of T in O k . Then a 
point (A, £) G O^T is a critical point of J £ if it is a critical point of the constrained functional 
T \O t 

Proof We first investigate the symmetry inherited by the function 4>e,\,£ obtained in Lemma 
I2TT1 Setting T£ := (Tfi, . . . , T£ k ) for £ = . . . , &) G fc , we claim that 

<f>e,x,( = <f> e ,X,Ti oT V(A,€)eO fc . (2.7) 
Indeed, because of the symmetry of the domain, we see that 

and 

lC £iX ,t = {foT\fe /Cs.a.t*}, = {/ ° r I / G /C^}. 

Then the function ^ £j a,T£ ° 7" belongs to JC^~\£ and satisfies (|2.2p and (|2.3p . The uniqueness of 
the solution implies (|2.7|) . Therefore the functional J £ satisfies 

j e (\,o = Je(\m. 

The lemma follows immediately. □ 



3. A MAX-MIN ARGUMENT: PROOF OF THEOREM 11.11 

In this section we will employ the reduction approach to construct the solutions stated in 
Theorem II. H The results obtained in the previous section imply that our problem reduces to 
the study of critical points of the functional J e defined in (|2.5p . In what follows, we assume 
(Al), (A2), (A3). For t±, . . . , tk G (a, b), where (a, b) is from (A3), we set t = (ti, . . . , ifc) and 

J e (X,t) = J £ {\, (h,0, ... ,0), (i2,0, ... ,0), ... , (ifc,0, . . . ,0)). 

Lemma 3.1. If (A, t) is a critical point of J £ , then (A,£) is a critical point of J £ , where 

et = (ti,o,...,o). 



Proof This is an immediate consequence of Lemma 12.41 



□ 
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Let us now fix k = 4 and set 

01 = 03 = 1, 0*2 = a 4 = — 1- 

So we are looking for solutions to problem with 2 positive and two negative spikes which 
are aligned along the xi-direction with alternating signs. From Lemma 13.11 we need to find a 
critical point of the function J e (A, t). The expansion obtained in Proposition [2]3] implies that our 
problem reduces to the study of critical points of a functional which is a small (^-perturbation 
of 

1 4 

§(A, t) = - A?fc(*i,<i) " XJ(-l)^AiA^, tj) ~ lo §( A i ■ A 2 • A3 • A4), 

8=1 i<j 

where A = (Ai, A2, A3, A4) G (0,+oo) 4 , i = (ii, £2, *3> £4) G (a, 6) 4 and the functions g and /i 
are the restrictions of G and H to the xi-axis defined in the introduction. We recall that the 
function ^ is well defined in the set 



M 



(A,t) Ai >0, U G (a,b) V* = l,2,3,4 & ii < t 2 < t 3 < tA. 



Observe that by assumption (11. 3j) the function g(-, s) = g(s, •) is decreasing along the interval 
(s,b) and increasing along (a, s). Therefore 

g(h,U) < g(h,t 3 ) < g(t u t 2 ), g(h,U) < g(t 2 ,U) < g(t 3) U) V(A, t) e M. (3.1) 

Analogously, 

g{t 2 ,U), g(h,t 3 ) <g(h,t 3 ) V(A,*)gM. (3.2) 

In this section we apply a max-min argument to characterize a topologically nontrivial critical 
value of the function ^ in the set Ai. More precisely we will construct sets T>, K, Kq C Ai 
satisfying the following properties: 

(PI) D is an open set, Kq and K are compact sets, K is connected and 

KqCKcVcVcM; 
(P2) If we define the complete metric space J- by 

F = 1 77 : K -> X? 77 continuous, ??(A,i) = (A,t) V(A,t) G A |, 

then 

:= sup min VPfofA,*)) < min §(A,t). (3.3) 
r)e jr(A,t)e-ftT (A,*)eJf 

(P3) For every (A,t) G 02? such that ^>(A,i) = we have that dV is smooth at (A,i) and 
there exists a vector ta,* tangent to dT> at (A, t) so that ta.* • V\t(A,t) 7^ 0. 



Under these assumptions a critical point (A,i) G T> of ^ with \£((A, i) = ^* exists, as 
a standard deformation argument involving the gradient flow of \E' shows. Moreover, since 
properties (P2)-(P3) continue to hold also for a function which is C 1 -close to ^, then such a 
critical point will survive small (^-perturbations. 
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3.1. Definition of T>. We define 

V = {(A,t) £ M *(A,t) :=^^2A 2 i h(t i ,t i ) + ^2A l A j g(t i ,t j )-log(A 1 A 2 A 3 A i ) < All 

i=l i<j ' 

where M > is a sufficiently large number to be specified later. It is easy to check that the 
function $ satisfies 

$(A, t) -»• +oo as (A, t) ^dM. (3.4) 
Indeed, for any A > and t G (a, 6) we have 

A 2 A 2 A 2 

—h(t, t) - log A > —h(t, t) + | log A| + (—Ho - 2 log+ A 

where log + x = max{logx,0} denotes the positive part of the logarithm, and H$ > is the 
minimum value of the Robin's function in f2 (see (jA.ip ). Taking into account that the function 

^-x 2 — 2 log a; minimizes for x = 2H Q , we deduce 

A 2 A 2 2 

— h(t,t) -log A > — h(t,t) + | log A| - 21og + -= VA > 0, t G (a, b). (3.5) 

2 4 y/H 

Hence for any (A, t) G Ai we get 



4 4 

$(A, t) > - AiKU,U) + ^ I log Ail + ^j9(ti,tj) - 8 log+ -==. (3.6) 

i=l i=l i<j » 

(|3.4p follows by using the properties of ft. and g (see Appendix A). In particular (|3.4p implies 
that P is compactly contained in Ai. 

3.2. Definition of JC, Kq, and proof of (PI). In this subsection we define the sets K, Kq 
for which properties (P1)-(P2) hold. We consider the configurations (A,i) such that A2 = A3, 
i.e. configurations of the form 

(A (a*), t) = y^=-> v 7 /^ Va*> ^MMM, t^j , (3.7) 

where t = (ti,i2, ts, £4) G (a, fr) 4 , and = (/xi, /U, /X4) G (0, +00) 3 . Next we consider the open set 

QM) G (0,+oo) 3 x (a,6) 4 (A(/x),t) G A4, $(A(/x),t) < yj. (3.8) 

Since we do not know whether (|3.8p is connected or not, so we will define U as a conveniently 
chosen connected component. Let to G (a, b) be fixed and choose ro > sufficiently small such 
that 

[t -4r ,to + 4r ] C (a,b) (3.9) 

and 

-h(t, t) + -h(s, s) - g(t, s) < Vt, s G [to - 4r , t + 4r ], t / s. (3.10) 

Setting /x = (1, 1, 1), to = (to, to+ro, to + 2ro, to+3ro), then (A(/i ),to) G Ai and, consequently, 
(/x , to) belongs to (|3.8p provided that M is sufficiently large. Now we are ready to define U, K 
and Kq: 

U := the connected component of (|3.8p containing (jLt ,io), 
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K = {{A(j*),t)€M: MeU}, 
K = {(A(jj,),t) € M : (j*,t)edU}. 
Let us observe that, according to (|3.4j) . the following inclusion holds: 



K C \ (A,t)GK 



<&(A,t) = ^l. (3.11) 

K is clearly isomorphic to U by the obvious isomorphism, and Kq ~ dU. In particular, K and 
i^o are compact sets and K is connected. Moreover we have Kq C K C P. 
Since A2 = A3 by the definition of K, using (|3.ip we obtain 

" SC-O^AiA^^i,^) > A 2 A3^(t2,t3) + AiA4p(ti,t4) V(A,t) G X. (3.12) 

i<j 

Roughly speaking, the configurations in K have the crucial property that the negative interaction 
terms associated to the couples of points with the same sign are dominated by the positive 
interplay between the couples of points having opposite signs. 

3.3. An upper and a lower estimate for St*. Let 77 € J 7 , so 77 : K — > D is a continuous 
function such that rj(A,t) = (A,t) for any (A,t) € Kq. Then we can compose the following 
maps 

(0, +00) 3 x (a, 6) 4 D U < — > K 77^) CPA(0, +00) 3 x (a, 6) 4 
where U = (Hi, H 2 , ■ ■ ■ , H7) : £> -> (0,+oo) 3 x (a,6) 4 is defined by 

Wi(A,t) = A 1 A 2 , H 2 (A,t) = A 2 A 3 , ft 3 (A, i) = A 3 A 4 , 
«4(A,t) = ti, H 5 (A,t) = t 2 , H 6 {A,t)=t 3 , « 7 (A,t)=t 4 . 

We set 

T : 77 -> (0,+oo) 3 x (a,6) 4 
the resulting composition. Clearly T is a continuous map. We claim that T = id on <9£7. Indeed, 
if (/Li, t) 6 <9C/, then by construction (A(/_t),t) G -Ko! consequently 7/(A(/x),t) = (A(/_t),t), by 
which, using the definitions (|3.7[) . 

Hi(A( A i),t) = -^L^ = W, 

ft 2 (A(/j),t) = y/jly/ji = H 

n 3 {A{fx),t) = ^ji-^ = fi 4 . 

V A 4 

This proves that T = id on dU. The theory of the topological degree assures that 

deg(T, [/, (/Li 0) t )) = deg(id, U, (/x , t )) = 1. 

Then there exists (/Li^s 7 ?) G such that T(fi v , s 71 ) = {n ,t ), i.e., if we set (A'',*'') := 
TKAQtz'V) G 77(K), 

A?A2 = AjAg = AgAj = 1. (3.13) 
t" = to- (3.14) 
Using (JSUUJ), and taking into account that A? = Ag, A^ = A^ by (ETT31) . we obtain 

^(A?) 2 /^,*?) + i(A^) 2 ^,t°) - A?A&(t§,lg) < 0, (3.15) 
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^Ifhitltl) + ^A2fh(tUl) - mUtlA) < 0. (3-16) 
Furthermore by (I3.13j) we also deduce 

K " Kl = W = ApJ = 1 ' A 1 A 2 A 3 A 4 = ( A 1 A 2)( A 3 A I) = !• (3-17) 

Combining ffS7T^) - (fH7T^] )- (lS7THT> - f|S7T7|) with the definition of § we get 

*(A V) < <?(*?, t°) + s(t°, t°) + ^(t§, tl) + g(tl tl). 
Then we can estimate 

min *fa(A,i)) < *(A",t") < t°) + g(t° 2 , t°) + <?(4 t°) + t°). 

(A,t)6K 

By taking the supremum for all the maps n G J 7 , we conclude 

= sup min *(t,(A, *)) < gffi,® + g(t° 2 ,t° 3 ) + g(tl t\) + g(f x , t° 4 ). (3.18) 

On the other hand, by taking r/ = id and using (|3.5p and (|3.12|) . 

~ 2 

^* > min *(A.t) > -81og + -=. (3.19) 

3.4. Proof of (P2). Let us first recall that the upper estimate for ty* obtained in (|3.18p holds 
for any M sufficiently large. Then, by using (|3.1ip . the max-min inequality (P2) will follow once 
we have proved that 

min *(A,i) ->■ +oo as M -> +oo. (3.20) 

(A,t)eK, *(A,t)=4f 

To this aim, it will be convenient to provide a lower bound for the functional ^ over X. Com- 
bining (13. 5p and (13.121) we get 

4 A 2 4 2 

#(A, t) > -fKtuU) + ^ | log Ai| + A 2 A 35 (t 2 , t 3 ) + AiA4s(*i, U) - 81og+ -= (3.21) 



i=l 4 i=l 

for any (A, t) G AT. 

Now we are going to prove (|33U|) . Indeed, let (A n ,t n ) = (AJ, Ag, A£, AJ, tj, t£, i£, tfj € K be 
such that 

$(A n ,t n ) -»• +oo. (3.22) 

The definition of $ implies that, up to a subsequence, the following four cases cover all the 
possibilities for which (|3.22p may occur. 

(1) there exists i such that A" — > 0. 

(2) there exists i such that A" — > +oo. 

(3) q ->■ a or tl -»• 6. 

(4) /or even/ i t/ie numbers A™ are bounded from above and below by positive constants and there 
exist i < J such that tf~ — tf — > 0. 
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If case (1), (2) or (3) holds, then by (|3.2ip . recalling (|A.lj) . we get §(A n ,i n ) -»■ +oo, as 
required. 

Assume that case (4) occurs. The definition of combined with ()3.12p implies 

*(A n ,t n )>cg(q,q)-c 

for suitable positive constants c, C. Therefore, if i < 2 and J > 3, we get tg — — > 0, hence 
&(A n ,t n ) ->■ +oo. 

It remains to consider the case when, up to a subsequence 

%-%>a, #-t?->0, 

or 

for some a > 0. Then we deduce t™ — t™ > a for every i < 2 < 3 < j. Since the Green's function 
g is smooth on the compact sets disjoint from the diagonal, by the definition of \l/ we get 

* (A n , t n ) > c'gW, *2) + c' 5 (^, tj) - C 

for some c', C" > and then we conclude 

§(A n ,t n ) ->■ +oo. 

3.5. Proof of (P3). We shall prove that (P3) holds provided that M is sufficiently large. 
First we recall that the upper and the lower estimates for \P* obtained in ()3.18|) and ([3.19P 
holds for any M sufficiently large. Then we proceed by contradiction: assume that there exist 
(A n ,t n ) = (A™, A™, A™, A™, V},q,t%,t2) G M. and a vector / (0,0) such that: 

$(A n ,t n ) = n, 

*(A n ,t n ) = 0(l) J 
/3™V^(A n ,i n ) + /3£V$(A n , t n ) = 0. 

The last expression means read as V 1 I'(A n ,t n ) and V$(A n ,t n ) are linearly dependent. Ob- 
serve that, according to the Lagrange Theorem, this contradicts the nondegeneracy of on 
the tangent space at the level 

Without loss of generality we may assume 

(/?D 2 + (/3£) 2 = 1 and ft + ffi > 0. (3.23) 
Considering 3>(A n ,i n ) + $(A n , i n ) and 3>(A n ,i n ) — ^(A n ,t n ) we obtain, respectively, 

4 

£(A?) 2 fc(t? C) + 2 Yl A ? A ]9(t?, t]) - 2 log(A? A^AJ) = n + O(l) (3.24) 

i=l i<j, (— l) i +J=— 1 

and 

2A?A^(t?,^) + 2A5A2»(*2 5 *4) = n + 0(l). (3.25) 
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The identities /3fg(A n , t n ) + /3?ff (A n ,t n ) = imply 

+ /3 2 ")(A?) 2 ^(«) ~ E((- 1 )' + ^i " ^)A?A^(f,^) = Vi = 1,2,3,4. (3.26) 

Moreover, from /3"J^(A re ,t n ) + /3 2 J^~(A n , t n ) = we obtain the following four identities: 
09? + (3%)(A™) 2 h(tf, i?) - A™ ^ ~ ^)A]9(t?,t]) = p? + f3% Vi = 1, 2, 3, 4, (3.27) 

by which, considering the sum in i = 1, 2, 3, 4, 

(pT + PS) £(A?) 2 /*(«) " 2^((-l) l+J '/3 1 n - ^)A?A?^,t?) = 4(0? + (3.28) 

which is equivalent to 

p?(*(A n ,t n ) +log(A?A5A?A2)) +^(n + Iog(A?A5A^A2)) = 2(0? + /3 2 n ). (3.29) 

Observe that by (^241) we have log(A? A^A^AJ) > -§ + 0(1), while, by (|3TB]h (A™) 2 < 
^-n + 0(1) and hence log(A n Af A^AJ) < 21ogn + O(l). Then we easily obtain 

Multiplying (|3~29j) by /3? we get 

on~n = 2fl n gf±^ _ f fl^2 gO) + MA|A|A|A|) 

Pl P2 Pl n + log(A?A£AgA n ) lPl j n + log^A^A") ~ 1 j " 
Combining this with (|3.23p we have 

#>o(l), /? 2 n >o(l), 2>/3? + /3 2 ">l + (l). (3.30) 

Using (]3.30p . we can divide the identities (|3.27|) by /?? + ■ Then we obtain: 

on _ on 

(A™) 2 /i(i™, (?) + A?A&(t?, $) - 9— ^|A?A^, + A?^(t?, t?) = 1, (3.31) 

Pl "T P2 

on _ an 

(A?) 2 /.(^ t n 2 ) + A5A?i7(tr, #) + ASA»(7(tS, - ^ ^2 A^(*2 , *J) = 1, (3-32) 

Pi + P2 

on _ an 

(Ag) a fc(t5, - ^AJA?^, + AJA5^, + ASAJ^tJ, t?) = 1, (3.33) 
Pi ' P2 

on _ on 

(A2) 2 h(t2,t2) + A?A&(t?,#) - P ^L p |A™A^(^,t") + A"A^(t™,t«) = 1. (3.34) 

Pl ~r P2 

Up to a subsequence, we may assume 

if ti e [a, 6] Vt = 1,2,3,4. 

In what follows at many steps of the arguments we will pass to a subsequence, without further 
notice. We will often use the symbol c or C for denoting different positive constants independent 
on n. The value of c, C is allowed to vary from line to line (and also in the same formula). 
Motivated by (I3.28p . we distinguish five cases which will all lead to a contradiction. 
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Case 1. Avoiding blowing up of parameters I Suppose the following holds: 

(ft - /%)A?A$g(t?, q) -> +oo, (ft - P5)A$A2g(1%,l2) ->• +oo. (3.35) 

Then, in particular ft > ^ and, dividing (j33Tj) by ^^AJA^(*?,tJ), we get 

A? /3r + /3? A? ft + 0? gift, 1%) , , , 

— Tn ' S S i i < 1 + o(l). (3-36) 



and using again (13, ip . we have 



A3 /3f - /3 2 n " A- - ft g(t1,q) 



On on 

where the first inequality follows by (|3.ip . Analogously, dividing (|3.34|) by an + gn A 2 A2g(t 2 ,t2] 



A| gf + lg < A| ffi + /%g(tg,ff) < f3 37) 

A- /3f-^-A» ft-ftg(t$,t2) ~ K >' { ' ' 

([535]) and flEgp give 

M1 H2 < l + o(l) 

which implies, using (|3.30p . 

^ = o(l), B? = l + o(l). (3.38) 
Inserting this into (|3.36p - (l3.37p we achieve 

A2 = A3(l + o(l)), (3.39) 

and 

9 (t?, = 5 (t?, #)(1 + o(l)), g(n,tl) = g(tl tl)(l + o(l)). (3.40) 
Using (g3S|| - m|| and (^351) . the equations (l3T3ll - (^34"D lead to: 

(A™) 2 /i(i™,i™) + A?A&(*?, *2) = o(A?A&(*?, #)) , (3.41) 

(A5) 2 /»(^,^) + A5A?^(t?,i5)+A5A^(i5,^) = (l + o(l))A"A™ 5 («), (3.42) 

(AS) 2 M«,«) + A5AS^ 1 ^)+ASA2^,Q) = (l + o(l))A?AS^,tg), (3.43) 

(A2 ) 2 MC #) + A?A&(i?, = o(A^A^(^, #)) . (3.44) 
Combining (I3^2l) - (l3~i3]l with (|339>(l3~4T)|) we obtain 

A£A? 5 (*M) < (l + o(l))A£A&(#,t?) = (1 + o(l))A^ 5 (^, Q) 
< (l + (l))A?A^(t?,t5) = (l + (l))ASA^(t?,t5). 

Then all the above inequalities are actually equalities, by which (|3.42p - (j3.43p can be rewritten 
as 

(A n 2 fh(t n 2l t n 2 ) + A^g(^n) = o(A n 2 Alg(t n 2 ,tl)) , 

WmA) + A5^(<J, %) = o(A?A&(t?, #)) . 
Now (|3.2j) applies and gives together with (I3.39P 

(AJ)=AS = (l + (l))A5 = o(A?). 

Substituting in (ETUI and (l3+4|) yields 

fc(t?,t?), t?(t?,*2) = o(^(t?,t?)), MM), = o(g(t2,t2)). (3.45) 
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We will derive a contradiction from (j3.40j) and <\3A5h . Indeed, by h(t^,t^) = o(g(t^,t^)) we 
deduce g(t^,t^) — > +00, hence |i n - ££| — >■ 0. Analogously by h(t2,t2) = o(g{tV{,t1)) we get 
~~ *4 1 — ^ 0. Therefore we are in the following situation 

ti, t%, *3 , -> t € [a, 6] Vt = 1, 2, 3, 4. 

Now, if i = a, then Lemma lA. II yields 

h(f n fn) _ l + o(l) < l + o(l) _ n „ mW ,n j. 

and therefore, using (I3.45D . 

\n-tz\ N ~ 2 = 9W,t2) + h(t?,t2) < g^ffi + M*?,*?) = _ m 

it?-t?r- 2 5(t?,^)+M*?,*?) " u 

and then £3 — t™ = o(*2 — t"). On the other hand, using again Lemma lA.ll 



n .71 \ 



Now (pT4"5j) leads to 



Iff-fll"" 2 = g(tf,ff) + M*i,*4) < g(t?,^) + M*i,*4) = m 
|*»-t»|*-2 h (q,t2) + h(q,t2)- g(q,t2) ° u ' 

hence tj — *2 = °(^4 ~~ *i)- Combining this with £3 — i™ = 0^4 —t") we obtain a contradiction. An 
analogous argument applies to the case t = b. Finally assume t £ (a, b). Then h(tf, tj) = Oil) 
for every i, j, therefore ()3.45p yields 

\tf-t]\ N ~ 2 _ g (q,t2) + o(i) 



\ t n_ t n\N-2 g( t ? + 0(1) 



o(l) for = (1,3), (2,4). 



This gives £3 — t™ = o(t2 — t") and — tJ? = 0^4 — t") respectively, and the contradiction arises 
as above. 

Case 2: Avoiding blowing up of parameters II. Suppose the following holds: 

08? - /8£)A?A&(tM) +00, (/3™ - P%)k%k2g{q,t2) < C. (3.46) 
The analogous holds by interchanging the roles of the couples of indexes (1,3) and (2,4). 

Then in particular there holds /3± > 02- Using (|3.32p . (|3.34p and the second inequality in 
(|3.46p we obtain 

(A2) a /i(tM), A?A&(<?,<£), A2A&(#,#) < C, (3.47) 

(A2) 2 /i(^,^), A?AJg(t?,t2), A£A&(#,t2) < C. (3.48) 
By inserting (l3T4T)) - (pl4"8l ) into (EOT]) and (f!T33l) . we obtain 

on _ an 

(A") 2 /i(t",i™), (AS) a fc(tg,^) = ^AJA^M) + 0(1) -> +00. (3.49) 

Pi + P2 

We distinguish three cases. First assume that there exists iq 6 {1,2,3,4} such that 

if -> a VI < i < to, If- 1 - a| > c V« > i . (3.50) 
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By adding (|3.26p for i = 1, . . . , io we obtain 

oar + /3 2 n ) D A ") 2 ^?, ff) - E E((- 1 )' + ^i n - #) A ? A ; J(^> = °- ( 3 - 51 ) 

1=1 j=l 3=1 

Now |i™ — | > c for i < io and j > -io imply 

^(t?,^) = 0(l) Vi<i ,Vi>i . (3.52) 
Considering the sum for i,j < io we observe that by Lemma IA. II 

Therefore, using again Lemma lA.lj , the identity of (|3.5ip becomes 
" (AD 2 (l + o(l)) A (-1)'+^-/^ A?A?(1 + (1)) 

In order to estimate the last sum, we will prove that 

Indeed, if i < io < j and (i,j) ^ (1,3), then, either j = 2 or j = 4, and, as a consequence of 
(|337D - ([338D ; A§, AJ = 0(1); therefore A" A™ < ±(Af) 2 + ±(A™) 2 < ±(A™) 2 + C and (ETMD holds 
true. On the other hand, using (|3,49|) . 



A?A£ = (1 + o(l))(A?)" ^^p|y ) < (1 + °(l))(Ai\ 

and (|3.54p follows by using Lemma |A. II 

Next, in order to estimate the second sum in (|3.53p . we claim that 

A?A? ( (Af) 2 (A?) 2 



(t? + i?-2a) 



iV-l 



/ (A™) 2 (A n ) z \ . . 

,( ¥h ) + — - ] if i,j < i ,(-l) i+J = -1. (3.55) 

Indeed, take, for instance, the couple = (1,2); the other cases are analogous. The claim 

A n _______ 

is obvious if A^ = o(A") or A™ = oi^hQ). Otherwise c < j^k < C and then, using (|3.47p and 

(|3.49p . fe ( f n^n^ = o(l), by which, applying Lemma [A. II t T { — a = o(tV, — a). This in turn implies 
i« - a = o(t\ + q- 2a), and (f335l) follows. 

Therefore, recalling that ft > ft, (|3.53p becomes 

^ (A 8 ") 2 (l + o(l)) 

Taking into account that (2t w ^-2a) JV - 1 — c ^27^a^ " ~~ ^ + 00 ^ Lemma I A. II and (|3.49p , the 
contradiction follows. 



16 THOMAS BARTSCH & TERESA D'APRILE & ANGELA PISTOIA 

An analogous argument can be applied when there exists iq G {1,2,3,4} such that 

t? -> b Vi < i < 4, |f? - 6| > c V? < io. (3.56) 

So we may assume 

tf^Ue(a,b) Vi = 1,2,3,4. (3.57) 

According to the assumption (|1.2|) we have either ^(i™,ii) < or ^(t^,t^) > 0. Assume, for 
instance, 

(9/? 

^(M)<o 

(the case §^(^3,^3) > can be treated analogously). We set {1,2,3,4} = I Li J where 

1 = {i:\tf- q\ = o{\n - q\)}, J = {i-,\tf- 1?| > c{\e x - q\)}- 

It is obvious that / = {1} or / = {1, 2}. Then, adding (|3.26j) for i £ I we get 

EE((" 1 ) l+ ^" -^)A?A^(t?,t?) < ^(A?) 2 . (3.58) 

16/ 3 = 1 

Observe that 

+ = " f (M) = 0(1) 

and A2 < C, A^AJ? < C, by (^171) ; therefore (f33HD becomes 

EEW- 1 ^'^ - < O (3.59) 

is/ jeJ 

According to the assumption (jl.3p we have jjj-(t,s) > if i < s. Since all the sequences tf lie in 
a compact subset of O, Lemma lA.ll implies 

On the other hand, if % G I and jf G J, then i < j and |t™ — tj\ > c|*3 — t"| by the definition of 
/, J; therefore combining (|3.59p and (|3.60p we arrive at 

(/3r-^)A?A^,^)<C £ K-ir+^-^ n |AfA^(f,^) + C. (3.61) 

(j,j)e/xJ 

(i,i)#(l,3) 

This contradicts (l3Ti6D - (l3T47D - (13^81 . 

Case 3: Avoiding the boundary. Suppose the following holds: — | A^Ag^i™, tg) = 
0(1), \ft - ^\Pqklg(q,tl) = 0(1), I a := {i = 1, 2, 3, 4 I U = a} ± and 

(/?r + /3 2 n ) E (A?) 2 MCC) + 2 E \{-l) l+j Pi-^^9^^)>c. (3.62) 

(i,j)ei a ij ' eJ ° 

Replacing I a with lb can be treated analogously. 

First of all we observe that (|3.25p implies 

ff-^ = o(l). (3.63) 
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Recalling that (f3f) 2 + (p%) 2 = 1 it follows that 

ft + ffi = V2 + o(i). (3.64) 

Using (^3B - (I3T341) we obtain 

(A?) 2 ^,C)<C Vi = 1,2,3,4, (3.65) 
hence A™ < C for all % = 1, 2, 3, 4, and 

A?A&(t?,#), A?A&(*?,#), A5A^(t?,*5), A£A&(t£,t2) < C. (3.66) 
Now we multiply (|3.26jl by — a and add for i £ I a 

X)(A?) a fll(*?.*?)W " «) " E E i+V P2 A?A?^(t?,t?)(t? - a) = 0. (3.67) 

We estimate the terms in each sum in order to obtain a contradiction. Lemma |A. II implies 
dh l + o(l) h(tf,tf) 

m (UA) = -* N (2tt-2a)»-i = ~ {N ~ 2)(1 + 27^) ' G ^ 

By the definition of I a , there holds |i™ — i™| > c for i £ I a and j ^ J a . This implies 

||(t?,t?) = 0(l) Vi€l a ,Vj#I a . (3.68) 

We split the second sum in (|3.67p in two terms: those with j € I a and those with j / a . We 
use again Lemma I A . 1 1 and . considering the sum for i,j £ I a , we observe that 

d9 -(t?,m: - a ) + %it?m - ) = - un * , v _ 9 + 



j * 1 v j 

= -(iV - 2) 9 (i»,t») + - ff> W,i € /„ i / * 

On the other hand, it is straightforward to prove that the function | f _^*jjv-2 is convex for t > a, 
y £ K. Therefore 

A-AJ _ exp (MSI! + !5i!i2!) (Af)3 ( A? ,2 



(t? - 2a + t?)^-2 2 N-2( t ?+ t 7 _ a) N-2 ~ 2(2t? - 2a) N ~ 2 2(2% - 2a) N ~ 2 
< C((Af) 2 h(tf,tf) + (A]) 2 h(t],t])) < C Vt, j €l a ,i? j. 

Therefore (j3.67p becomes 

(ff + P2)J2(K?h(t?,t?)-2 Y, ((-iy +j ff-ft)KA]g(t?,t]) = o(l). (3.69) 

iel a (».j)eJ a 

If I a = {1} or I a = {1, 2}, then the left hand sides of ()3.62|) and ()3.69p coincide, in contradiction 
with the right hand sides. If I a = {1, 2, 3, 4}, then the contradiction arises by comparing ()3.69j) 
with (|3.28p because of (|3.64p . So it remains to consider the case I a = {1,2,3}. We sum the 
identities (|3.27p for i = 1, 2, 3 and subtract (|3.69p and we obtain 

+ /3 2 n )A? A2 fl (t? , *J) - - /9?)A£A&(#, + + ^)A£A&(M) = 3(^ + + (1). 
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However, combining this with (13.271) for i = 4 gives 

03? + P2)(A2) 2 h(t2,t%) + 203? + ft) = o(l) 

and the contradiction arises because of (|3.64D . 

Case 4: Avoiding collisions. Suppose the following holds: |/3? — I A3 , ig" ) 
0(1), |/3" — /3J I Ag &2g(t2 , *2) = 0(1) and there exists iq / jo such that i io = ij G (a, 6) and 

|(-l)^o^n_^| A n A n 5(t n^n ) > a 



As in the previous case we immediately get (|3.63p - (|3.66p . Hence, in particular, A™ < C for 
any i = 1, 2, 3, 4. Set i = t io = i jo G (a, 6) and J = {i = 1, 2, 3, 4 | ij = t}. We split I = hU I 2 
where 



i G / 



3jG/,j^s.t. K-l)^?-^ 



A"A^ 



I*? 



+n|7V-l 



+OO 



and 



i G / 



. . A n A n 

vj€i,j*i: K-ir +j /3r-/3 2 n i 



< o 



\ t n_ t n\N-l 

Since the sequences tf lie in a compact subset of Q for any £ £ J, Lemma I A . 1 1 implies 
St 



j.n j.n 



-(*?.*?) = - _ un b + OW V£G/,Vj = 1,2,3,4, i^j. 



Moreover, observe that tth — i ijv_i > &n(N — 2) , '°' 3 n °, . Therefore, according to the assump- 

'0 JO 

tions, «Q)io ^ A- For any i E I± we consider (|3.26|) and obtain 



t?-t n 



(3.70) 



£ ((_1)HJ^_^ )A?A » »i =0(1) Vi€Ji. 

Using (j3.70p for iq , we immediately get the existence of a third index j G Ii , j 7^ £0 , Jo • Therefore 
ii has actually at least three elements. Assume I\ = {1,2,3,4}. We look at (|3.70p for i = 1: 



AnAn A n A n 
AlA 2 _ + (/3 n +/3 n ) AlA4 



it?-#r- 



+n|jV-l 



AnAn 

(/3r-^)r^ 1 3 



n M V_T + °( 1 )^+ 00 



AnAn 

which yields £? > ft. Dividing the identity by {ft -ft) and using |t? -tj| < |t? -t£|, 

we get 

S±S<^ (1 + 0(1)) . 

Next we consider (13.701) for i = 4 and proceed analogously, using now that ^3 — 1\\ < \t% — t™\- 



This leads to: 



ft -ft 



< t|(1 + o(l)), and so 



/3f + ft 
/3? - /? 2 n 



< l + o(l) 



in contradiction with (|3.63j) - (13.64|) . 
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It remains to consider the case when I± has exactly three elements. If I\ = {1,2,4}, then 
(|3~70jl for i = 2 gives 

A n A n A n A n 

+ ^) \ t n_\{\N-l = -W ~ ^ \ t n_ 2 t n\N-l + <><1) +00, 

which is absurd if Z?" > On the other hand, by (|3.70p for i = 4 

A n A n A n A n 
+ ^) n _\n\H-, = ~ ^) |^-%pZi + 0(1) +00 

which gives the contradiction in the case /3" < /3 2 ■ An analogous argument applies to the case 
h = {1,3,4}. 

It remains to consider the cases I\ = {1,2,3} and I\ = {2,3,4}. Assume, for instance, 
I\ = {1, 2, 3}, the other case is similar. Then by (|3.70p we obtain 

A?A£ PI -ft A"Ag A£Ag 

\q _ t n\N-l ~ pn + pn ' \ f n _ f n\N-l + U W " | t n _ t n\N-l + U W ^ +°°- ^ 7l ) 

In particular we have /3™ > /3 2 . Using (|3.63p - (|3.64p . the first and the second equality in (|3.7ip 
give 

A« = o(Ag), A5 = o(AJ), 

respectively. Now we multiply the first identity in (|3.7ip by t!j — and the second by — i 2 
and, summing up, we obtain 

A n A n A n A n A n A n 

C# + ffl i. \Jn-2 ~ W - + + ff) |fn %|^-2 = ^ ( 3 - 72 ) 

\H fc ll l fc 3 t ll r3 t 2l 

We may also assume 

A2 > c. (3.73) 
Otherwise, if A^ — > 0, then (|3.27p for i = 4 would give 

on _ on 

(A2) 2 h(t2, tl) + AJ(Afr(t?, + A&(#, £)) = 1 + ^— ^A^, > 1 

Pi ' P2 

by which either (AJ) 2 /^,^) > \ or A^A^t?, i£) + Ag 5 (ig, Q)) > ±. If (AJ) 2 /^,^) > ±, 
then h(t2,t2) — >■ +oo, and, consequently, — > 6, so that we are again in the case 3. Otherwise, 
if A2(A? 5 (i?, q) + A^(iJ, t n )) > §, then tj) + ^(tg.tj) -»• +00. So Q -> t and then 

A n A n A n A n n(t n t n ) n(t n t n ) 

, Al \ T , + , A3A * : > ^(iV - 2)A?A? r 4 + ^(A - 2)A?A ^ 3 ' t4 -> +00, 
\ L l Ml r3 Ml ri Ml r3 Ml 

contradicting that 4 Ji. 

Now we distinguish three cases. First assume 

A?, A?, A£ -> 0. (3.74) 

Then (]3. 721) can be rewritten as 

(0? + $)A?ASs(i?, *5) - (0? - /^)A?A^(t?, tj) + {PI + /3 2 n )A^A^(^, = o(l). 
We sum the identities (13.27j) in i = 1, 2, 3 and, using the above estimate and (I3.74j) . we obtain 
03? + /3£)A? A£ 5 (t?, - - /3 2 ")A^A^(^, tj) + (^ + /3 2 ")AgA^(i£, ^) = 3(^ + /3 2 ") + (1). 
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However, combining this with (13.271) for i = 4 gives 

03? + #)(AJ) 2 fc(#,tJ) + 203? + ft) = o(l) 

and a contradiction arises because of (|3.64j) . 
Now assume that 

A?, A£ -»■ 0, A%> c. (3.75) 

Then A?A£ = o(A^A^). According to @23J we have | f n_ffl-i = (1 + »(!)) , from 

which we deduce t^—t™ = o^—tV,)- Consequently \ t n_\ n iN-2 = °( \tv--t n \ N - 2 )' wmcn * s equivalent 
to A?A5^(i?,^) = o(A5A^(^,tJ)). Now (pT66]) implies A^A^g\tf,t^) = o(l), hence (EOT!) 
becomes 

00? + /9£)A?A&(i?, ij) = /3? + /3 2 ™ + (/3? - 0?)A?A&(t?, + o(l) > /3? + /3£ + o(l) 

because /3? > /3£. Then AJA^i?,^) > c, which implies p(t?,tj) -»• +oo by (13775]) . So, ij -> * 
and then 

, Al , > a N (N - 2)A n l A f} h ' h \ -> +oo, 

Un j-n iV— 1 — v / l 4 .n j.n\ ' 

l^l ''41 l fc l ^4 I 

in contradiction with A ^ I\. 

An analogous argument applies when 

Finally, assume that 

A™ -> 0, A™, A3 > c. (3.76) 

Then we obtain, using (13.25p . 
A" A3 < — ^— < Cn|i? - q\ N ~ 2 < Cn(\n - t n 2 \ N ~ 2 + \Q - t%\ N ~ 2 ) < Cn(A?A£ + A£A£) 

where the last inequality follows from (|3.7ip . So, using (|3.76p . we deduce c < A™ A3 < CnAJj, 
by which A 2 > — . Combining this with (|3,73p and (|3.76p we obtain 

A? ■ A 2 ■ A3 • A4 > -. 

Finally l|5?25j> . (]3765D and (1336]) imply 

~ ~ 77 n 

= *(A n ,t n ) = - - + 0(1) - log(A™A™A™A") < - - + 0(1) + logn -> -00 

in contradiction with the lower estimate (|3.19p . 
Case 5: Conclusion. 

In order to not fall again in the cases 1-2, we assume: 

|/3? - 0£|A?A&(t?,t£) < O, |/3? - $\A%Alg(i%,tl) < C. 

So, as in the cases 3 and 4 we immediately get (|3.63p - (|3.66]) and, in particular, A? < C for any 
i = 1,2,3,4. Moreover we may also assume 

A">c Vi = 1,2,3,4. (3.77) 
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Indeed, assume for instance, that A" — > 0. Then, by (I3.27P for i = 1 we have that, either 

(A?) 2 fc(*?,t?)>c, (3.78) 

or 

3j = 2,3,4 such that ffi - /3£| A? A$g(ft, t]) > c. (3.79) 

If (|3.78|) holds, then h(ii,t™) — > +oo, which implies ii = a or ti = b by (TO) , and we are back 
in the case 3. On the other hand, if (|3.79p holds, then, g(t",t") — > +oo for some j ^ 1, which 
implies ij = i%, and we are either in the case 3 (if i\ = a, b) or in case 4 (if i\ G (a, 6)). Finally 
(BJ) , dEMD , dSMD , (|3T77]1 imply 

^* = ¥(A n , t n ) = - - + 0(1) ->• -oo 

in contradiction with the lower estimate (|3.19p . 

Appendix A. Some properties of the Green's function 

Let SI be a bounded domain with a C 2 -boundary. We denote by G(x, y) the Green's function 
of —A on SI under Dirichlet boundary conditions, and by H(x,y) its regular part, as in the 
introduction. So H satisfies 

A y H(x,y) = yeQ, 
(TV — 2)ctat|x — y\" 1 

We recall that H is a smooth function in SI x $7; moreover G and H are symmetric in x and y 
and G, H > in x SI. 

The diagonal (2;, x) is called the Robin's function of the domain SI and satisfies 

H(x, x) -> +00 as d(x) := dist(x, 80) ->■ 0. (A.l) 

Let i^o be the minimum value of the Robin's function: 

i^o = nhn -ff(iC) > 0. 

Recall that the Robin's function of a convex bounded domain is strictly convex (|llj). 

We need the following result concerning the behavior of the regular part H(x, y) near the 
boundary. To this aim we fix 5 > sufficiently small such that the projection onto 8SI is well 
defined in the region Q,q := {x G SI : d(x) < 5}; we denote this projection by p : 0q — > 80. It 
is of class C 1 because 8SI is of class C 2 . Moreover, for x G Qq, we write x = 2p(x) — x for the 
reflection of x at 8S} and v x = for the inward unit normal at p(x). 

Lemma A.l. Let SI be a bounded domain with a C 2 -boundary. Then the following expansions 
hold uniformly for x G SIq and y G SI: 

H ^ = (N ^ I- Dv^ + Of l- d{ lN-2 

(N — 2)on\x — y\ \\ x — y\ 

and 

d JL [x y) = I ±( I ^ +0 ( I 
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Proof. During the proof we will often use the symbols c, C to denote different positive constants 
depending only on 0. For any i £ (!o we introduce a diffeomorphism which straightens the 
boundary near p(x). Let T x be a rotation and translation of coordinates which maps p{x) to 
and the unit inward normal v x to the vector eyv := (0, . . . , 0, 1). Then T x (x) = (0, . . . , 0, d(x)), 
T x (x) = (0, . . . , 0, — d(x)), and in some neighborhood of the boundary d(T x Cl) can be repre- 
sented by 

zn = Px(z'), z' = Oi,... ,z N -i); 
here p x is a C 2 function satisfying p x (0) = and V / o a; (0) = 0. Therefore we have 

\z N \ < C\z'\ 2 on d{T x n). 

First we prove the following estimate for the boundary points: 



1 



1 



\N-2 



17V— 2 



< C-, 



d(x) 



\x-y 



N-2 



\x — y| iV-i \x — y\ 
In order to see this, we observe for x G Oo, y G <9f2, z := T x (y), that 

max{d(x), \z'\} < min{|x — y\,\x — y\}, 

by which 



Vx G n , Vy g dn. 



F - y 



F - y| 



4d(x)z7V < Cd(x)\z'\ 2 < Cd{x) min{|x - y| 



y| 2 }- 



The above inequality implies 



c < £ — 4 < C Vx G n , Vy G dO. 



Taking into account that \a r ' 
1 1 



F - 2/1 
6 m | < m\a 



(A.2) 

(A.3) 
(A.4) 

(A.5) 



b\ (a + b) m for any a,b > and m > 1, we have 



\x-y 



N-2 



\x-y 



N-2 



F - y 



2{N-2) 



\x-y 



2{N-2) 



{\x - y 



N-2 



+ X 



y\ N ~ 2 )\x - y\ N ~ 2 \x - y\ N ~ 2 

2\N-3f 



< (N 



(|x — y\ 2 + |x — y\) 3 (|x — y 



y\ 2 ) 



(|x - y 



N-2 



+ X 



y\ N - 2 )\x - y\ N ~ 2 \x - y\ N ~ 2 



and (|A.2p follows by using (|A.4p and (|A.5p . So, for any x G f2o ; the functions H{x,y) 

a N {N-2)\x-y\ N - 2 aI1( ^ Ix-j/l^" 2 

boundary. Then the maximum principle applies and gives 



and , = } t M_i are both harmonic in O in the variable y, and verify (lA.2j) on the 



H(x,y) 



1 



d(x) 



F - y 



N-2 



Vx G fi , Vy G £1 



a,v(iV-2)|x-yr- 2 

The first part of the thesis follows. 

We go on with the normal derivative estimate. We claim the following estimate on the 
boundary: 



dH 

dv x 



(x,y) 



(x - y) ■ v x 



a N \x - y 



N 



(y-x) ■ v x ix-y) ■ v x 



a N \x - y 



N 



a N \x - y 



< 



c 



\x-y 



N-2 



Indeed, proceeding as for (|A,2p we have 



Vx G fi , Vy G dn. 

(A.6) 
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2:-! 



where the second inequality holds since d(x) < \x — y\ by ()A.3j) . Moreover, for x G fto, y G <9ft, 
z ■= T x {y), 

\(y - x) ■ v x - (x - y) ■ u x \ = \{z - d(x)e N ) ■ e N - (-d(x)e N - z) ■ e N \ 

, ,,9 , ,9 ( A -8) 
= 2\z N \ < C\z'\ 2 < C\x-y\ 2 V ; 

where for the last inequality we have used (|A.3p . Thus we obtain for i 6 and y G 5ft: 



(y - x)v x (x - y)v x 



\x-y 



N 



\x-y 



N 



<\(y- x)v x 



1 



1 



\ x ~ y\ \ x ~ y\ N 



+ 



\(y - x)u x - (x - y)v x 



\x-y 



and ([AT6|) follows from (|AT5|) . (|A77j) . (|X8|) . Now, for x G ft fixed, the functions §^(x,y) 



TV and 



i 



!r^\s-y\N an< ^ \ x _y\N-i are harmonic in ft with respect to the variable y, and verify (|A.6|) on the 
boundary. The maximum principle applies and gives 

BH (t.-h\.u- C 

Vx G ft, \/y G ft . 



dv x o N \x-y\ N 



< 



\x - y\ 



In order to conclude observe that = — v x , because -S^-(x) = for any x G fto, so that 



1 







dv x \(N-2)\x-y 



N-2 



(x-y)-u x 

— — -jrf— vx G fto, vy G ft. 

\x — y\ n 



□ 



We conclude this section with the following lemma which is concerned with the behaviour 
of G(-,y) along half-lines through the domain starting from y. This implies (|1.3p for convex 
domains. 

Lemma A. 2. Let ft be a convex and bounded domain with a smooth boundary. Then for any 
x,y G ft, x 7^ y, we have 

(x-y)-V x G(x,y) < 0. 

Proof. We use Lemma 3.1 in |15| which states that if ft is a smooth and bounded domain in 
R N , then, for any P G ft, A, B G ft, A / B, 

- [ (x-P)-u x 9G ^ A) dG{ ^ B) ds = (2-N)G(A, B)+(P-A)V X G(A, B)+(P-B)V X G(B, A), 
Jan av x ov x 

where v x is the unit inner normal at x G 5ft. Now assume that ft is convex and take P = B. 
We deduce 

(B - A)V X G(A, B) = - I (x-B). v x &G{ ^ A) dG ^ B) ds + (N - 2)G(A, B) 

Jdn av x ov x 

which is strictly positive because (x — B) ■ v x < for any x G 5ft by the convexity of ft, and 
because dG ^. ,A ^ , ^^'^ > on 5ft. □ 
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